This work presents a method to find the exact solutions for the free vibration analysis of a delaminated beam based on the Timoshenko type with different boundary conditions. The solutions are obtained by the method of Lagrange multipliers in which the free vibration problem is posed as a constrained variational problem. The Legendre orthogonal polynomials are used as the beam eigenfunctions. Natural frequencies and mode shapes of various Timoshenko beams are presented to demonstrate the efficiency of the methodology.
Introduction
Delaminations are probably the most frequently occurring damage in beams. Delaminations may originate during fabrication or may be service-induced, such as by impact or fatigue loading. Delaminations not only affect the strength of the structure by contributing to its final failure but also cause a reduction in the stiffness, thus affecting its dynamic characteristics. In particular, delaminations reduce the natural frequency, which may cause resonance if the reduced frequency is close to the working frequency. Therefore, it is necessary to be able to predict the changes in the frequency, as well as the mode shape.
It has been known for many years that the classical EulerBernoulli beam theory is able to predict the frequencies of flexural vibration of the lower modes of thin beams with adequate precision. During the past decades, the free vibrations of the delaminated Euler-Bernoulli beams have received considerable attention by many researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , but only few publications were devoted to include the effects of shear deformation and rotary inertia for beams [11] [12] [13] . Because of the existence of the delamination, the subbeams, especially in a delaminated segment, may no longer remain thin in the beam configuration even though the original undelaminated beam may be thin.
To study the free vibration of an isotropic beam with a through-width delamination, Wang et al. [1] have presented an analytical solution by treating the delaminated beam as four Euler-Bernoulli beams connected at the delamination boundaries. The coupling effect of the longitudinal and flexural motions on the delaminated subbeams was considered in their formulations. It was found that for beams with a short delamination and close to the midplane, the results for the natural frequencies were close to the experimental results. However, according to this study, dramatic interpenetration of the delaminated subbeams was seen that is physically impossible in the case of off midplane delaminations. This is because the delaminated beams were assumed to deform freely without touching each other (known as free mode) and thus have different transverse deformation. To avoid this kind of incompatibility, Mujumdar and Suryanarayan [2] proposed a model based on the assumption that the delaminated layers are constrained to have identical transverse deformations (known as constrained mode). The constrained mode analysis failed to predict the opening in the mode shapes. Free vibrations of delaminated beam-plates with respect to postbuckled referential states have been studied by Yin and Jane [3] . Jane and Chen [4] have considered a homogeneous isotropic beam plate subjected to axial compressive load along two clamped edges with an arbitrary delamination. Based on the continuity conditions of both delaminated tips, the small-amplitude vibration of the delaminated beam plate with respect to a postbuckled state has been studied. An analytical solution to the free vibrations of a beam with two overlapping delaminations has been presented by Della et al. [5, 6] . The delaminated beam has been analyzed as seven interconnected Euler-Bernoulli beams. The free and constrained mode models have been considered to obtain the lower and upper bounds of the natural frequencies, respectively. Della and Shu [7] have studied analytically the vibration of beams with double delaminations based on the classical beam theory. Later, Della and Shu analyzed the free vibration of delaminated bimaterial [8, 9] beams and beams with two overlapping delaminations in prebuckled states [10] . Both the free mode and constrained mode analyses have been used in the vibrational study of delaminated beam.
Valoor and Chandrashekhara [11] extended the constrained mode model for thick beams to include the effects of the transverse shear deformation and the rotary inertia. However, the constrained mode analysis failed to predict the opening in the mode shapes found in the experiments by Shen and Grady [12] . To simulate the "open" and "closed" behaviors between the delaminated surfaces, Luo and Hanagud [13] presented an analytical model based on the Timoshenko beam theory, which uses piecewise-linear springs. The spring stiffness is then set to be equal to zero (0) for the free mode and infinity (∞) for the constrained mode.
In the present paper, a novel analytically approach is proposed for the problem of the free vibrations of a Timoshenko beam without resorting to numerical approximation, in which the orthogonal Legendre polynomials in conjunction with Lagrange multipliers are used. The frequencies and the corresponding mode shapes for common types of boundary conditions are compared extremely well with the available results.
Problem Formulation
Consider a straight Timoshenko beam of length , a uniform cross-sectional area , the mass per unit length of , the second moment of area of the cross-section , Young's modulus , and shear modulus . We assume that the beam is made of a homogeneous and isotropic material. As shownẑ in Figure 1(b) , after delamination, a representative beam can be viewed as a combination of four beams connected at the delamination boundarieŝ= 1 and̂= 1 + 2 .
In this way, we will have four subbeams of 1 to 4 with lengths and thicknesses of × ( = 1 to 4), where 2 = 3 ,
, and 2 and 3 are the thicknesses of subbeams 2 and 3, respectively. Because of the existence of the delamination, the subbeams, especially in a delaminated segment, may no longer remain thin in the beam configuration even though the original undelaminated beam may be thin.
To simulate the "open" and "closed" behaviors between the delaminated surfaces, we use the piecewise-linear spring model as proposed by Luo and Hanagud [13] . The spring stiffness is then set to be equal to zero (0) for the free mode and infinity (∞) for the constrained mode.
The kinetic energy and the strain energy (under the sign convention for bending moment and shear force shown in Figure 2 ) of the vibrating delaminated beam can be written as
where ( ,̂− , = 1, 2, 3, 4) represents the shear angle, (̂, ), (̂, ), and (̂, ) are the transverse displacement, the cross-section rotation due to the bending moment, and the axial displacement of the th subbeam,̂is the axial coordinate of the subbeam whose origin is located at the left boundary of each subbeam, is the radius of gyration (= √ / ), is the beam cross-sectional shape factor, and is the spring stiffness. It should be mentioned that in all above relations, the symbol ", " used as a subscript stands for the differentiation with respect to any variable followed after it. The above relations for the kinetic and potential energies will be used in Section 3 to form the functional.
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Analytical Solution
In the present work, series solutions in conjunction with the Lagrange multipliers are used to study the free vibration characteristics of the delaminated beam. The main advantage of the Lagrange multiplier technique is that the choice of the assumed displacement functions is easy because they do not have to satisfy the boundary conditions of the problem. The simple Legendre polynomials are chosen as displacement functions, and this simplifies the problem further in that orthogonality properties of these polynomials lead to simple energy expression.
Harmonic solutions for the variables (̂, ), (̂, ) and (̂, ), are assumed as
in which (̂), Ψ (̂), and (̂) are the displacement functions of the th subbeam and is the circular frequency. As mentioned above, the displacement functions can be expressed in terms of the simple Legendre polynomials and are given by
Here, is the simple Legendre polynomial of degree and the axial coordinatêis transformed to the interval −1 ≤ ≤ 1 by letting = (̂− /2)/( /2).
We have six boundary conditions (BCs) for subbeams 1 and 4, that is, three boundary conditions for each subbeam. These six boundary conditions which are not satisfied by the assumed series are imposed as constraints. For common boundary conditions, these constraints can be written as follows.
Clamped-Clamped Beam (C-C):
Clamped-Free Beam (C-F):
in which prime denotes differentiation with respect to . Furthermore, we have 18 continuity and compatibility conditions (C.C.s) at delamination boundaries as follows.
At the left end of subbeams 2 and 3:
at the right end of subbeams 2 and 3:
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A variational principle is formulated based on the kinetic and strain energies by a procedure similar to the one followed by Washizu [14] . This variational principle along with the constraint conditions is used to solve the vibration problem. The functional to be extremized is given by the expression
where ( = 1, . . . , 6), and ( = 1, 2, . . . , 9) are the Lagrange multipliers. Substituting the assumed series for ( ), Ψ ( ), and ( ) ( = 1, 2, 3, 4) in (7) and simplifying yields
In calculating the functional , we have used the following properties of Legendre polynomial [15] :
The necessary extremizing conditions are given by
Using (10) in conjunction with (8) results in a system of linear algebraic equations which, in matrix form, can be written as
in which the right-hand side of (11) consists of Lagrange multipliers and
Solving (11) for , Ψ and ( = 1, 2, 3, 4) and substituting into (4a), (4b), and (4c)-(6) results in a system of homogeneous linear algebraic equations with the Lagrange multipliers as unknowns. The system of equations is given by
The natural frequencies and corresponding mode shapes of beams can be calculated using (11) and (13) . In calculating the natural frequency, the determinant of the coefficient matrix in (13) is computed for various values of frequency starting from a near zero value. Zero crossing of the determinant is identified and the corresponding value of frequency is the natural frequency of the beam in question.
Results and Discussion
In order to demonstrate the high accuracy of the present method, the results for the delaminated beams are compared with the available exact solution. A variety of results are presented for Timoshenko beams with different boundary conditions and single delamination for which the exact solutions do not exist. For all the problems, the width of the beam is taken as unity and the shear correction factor and Poisson ratio are taken to be 5/6 and 0.3, respectively.
In order to present the obtained results in a standard way, we use the following nondimensional parameters 1 , 2 , and 2 which represent the spanwise location of the delamination, its length, and its thickness, respectively:
Also, for all the cases, the natural frequencies are presented using the dimensionless form (Ω = 2 √ 1 / 1 ).
The Scientific World Journal 5 Figure 3 , a convergence study in order to determine the number of terms required to obtain convergent solutions is shown. It is clear that converged solutions are obtained if the number of terms taken is 100 or more. All the problems considered hereafter are based on the first 100 terms of the series.
Natural Frequencies. In
A cantilever beam containing a delamination along the midplane of the beam has been considered. The beam is considered to be fixed at the left end. The fundamental frequencies of the beam corresponding to delamination lengths of 0.1 and 0.3 at various locations are compared with analytical solution based on the Euler-Bernoulli beam theory [1] in Table 1 . It can be seen that the natural frequency obtained from Timoshenko beam model yields the same value provided that the beam's slenderness ratio is at least 100.
For further demonstration of the proficiency of the present method, more numerical calculations for delaminated beams are performed. In Tables 2 and 3 , the dimensionless fundamental frequencies of an I:C-C slender beam ( / 1 = 200) with central and midplane delamination having various lengths are compared with the analytical results of Wang et al. [1] and Della et al. [6] and FEM results of Lee [16] . Table 2 shows excellent agreement between the present results and analytical and FEM results.
The variations of fundamental frequencies for a beam having a delamination of various lengths at different spanwise locations have been computed and are presented in Table 3 . From the results, it can be seen that the fundamental frequency decreases as the delamination length increases, as anticipated. The fundamental frequency is generally unaffected by the location of the split region for very short delaminations. The frequency decreases when the delamination location is moved from the central location of the beam toward the supporting end, and the change of frequency is noticeable, particularly for longer delaminations.
Since the conventional beam theories cannot involve the effect of Poisson ratio, it is rather interesting to take a deep insight into it using the present approach. Table 4 gives the variation of the fundamental frequency parameter (Ω) of I:C-F beams with the Poisson ratio based on the free and constrained mode models. It is shown that the natural frequency decreases gradually with the increasing of Poisson ratio. We can see that the natural frequencies for ] = 0.5 have a deviation from that those for ] = 0.1. From this point of view, the Poisson ratio is of great significance in structural design especially for composite material beams. . In Figures 4, 5 , and 6 are shown the mode shapes of the thick beams ( / 1 = 10) with different delamination location and size at = 0 (free mode) and M:C-F boundary conditions. From these figures, we can see that first vibration modes do not show any opening in the cases of short delaminations and closeness to the midplane of the beam, while in cases of long delaminations and closeness to the beam surface, we can clearly see the delamination opening modes. By referring to Tables 1, 2 , 3, and 4, it is clear that for modes where there is no opening in the delamination region, frequencies predicted by the free ( = 0) and constrained ( = ∞) modes yield the same value or are very close to each other. This is reasonable since if there is no opening in the delamination region, the free mode and constrained model are essentially the same.
Mode Shapes

Conclusions
The free vibration of the Timoshenko beams is investigated using an assumed series solution in conjunction with Lagrange multipliers. It is observed that the present method is a computationally efficient tool in predicting the natural frequencies of the beams. This method is particularly attractive because of the ease with which one can choose Clamped-Hinged Beam (C-H): 
